Abstract. Generalized flag manifolds endowed with the Bruhat-Poisson bracket are compact Poisson homogeneous spaces, whose decompositions in symplectic leaves coincide with their stratifications in Schubert cells. In this note it is proved that the irreducible * -representations of the corresponding quantized flag manifolds are also parametrized by their Schubert cells. An important step is the determination of suitable algebraic generators of the quantized flag manifolds. These algebraic generators can be naturally expressed in terms of quantum Plücker coordinates. This note complements the paper of the author and Dijkhuizen in Commun. Math. Phys. 203 (1999), pp. 297-324, in which these results were established for a special subclass of generalized flag manifolds.
Introduction
The orbit principle of Kostant and Kirillov predicts a correspondence between the irreducible unitary representations of Lie groups and the coadjoint orbits of the underlying Lie algebra. As a natural generalization of this principle one expects a correspondence between the irreducible * -representations of quantized Poisson homogeneous spaces and their symplectic leaves. The key example is due to Soibel'man [6] , who showed that the irreducible * -representations of the standard quantization C q [U ] of the regular functions on a compact, connected, simply connected, simple Lie group U are parametrized by the symplectic leaves of U (with the underlying Poisson structure on U given by the Bruhat-Poisson bracket). In this note the correspondence is further investigated for generalized flag manifolds, which form a substantial subclass of Poisson U -homogeneous spaces.
A generalized flag manifold G/P , with G the complexification of U and P ⊆ G a parabolic subgroup, can be viewed as a real U -homogeneous space U/K, with K ⊆ U isomorphic to a compact real form of the Levi factor of P . The flag manifold U/K is a Poisson U -homogeneous space with symplectic foliation naturally parametrized by the Schubert cells of G/P . The quantization C q [U/K] of U/K can be realized as a subalgebra of C q [U ], defined in terms of invariance properties with respect to a suitable quantum subgroup
It is proved in [8] that the equivalence classes of the irreducible * -representations of C q [U/K] are naturally parametrized by Schubert cells, provided that C q [U/K] is algebraically generated by certain explicit products of quantum Plücker coordinates. This algebraic assumption was verified case by case for special examples of flag manifolds U/K, in particular when U/K is a Hermitean symmetric space. In this note this algebraic assumption is proved for arbitrary flag manifold U/K using an analogue of the Stone-Weierstrass Theorem for type I C * -algebras. At the end of the note we extend these results to Poisson U -homogeneous spaces U/K 0 , where K 0 is the semisimple part of K. 
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Plücker coordinates on quantized flag manifolds
In this section we compare several different quantized function algebras on generalized flag manifolds. We start by introducing the necessary notations and definitions.
2.1. Structure theory. Let g be a complex simple Lie algebra, h ⊂ g a Cartan subalgebra and R ⊂ h * the corresponding root system. Let Σ = {α 1 , . . . , α r } be a fixed choice of (ordered) simple roots and denote R + ⊂ R for the corresponding set of positive roots. Denote b ± for the Borel subalgebras
where g α is the root space corresponding to the root α. We denote ·, · for the inner product on h * dual to the Killing form on g, and W for the Weyl group of R. We use the short hand notation s i ∈ W for the reflection corresponding to the simple root α i .
Let G be the connected, simply connected, real analytic Lie group with Lie algebra g. Let B ± ⊂ G be the Borel subgroups corresponding to the Lie algebras b ± . The standard parabolic subgroups P S of G containing B + are naturally parametrized by subsets S ⊆ Σ, or equivalently, by parabolic sub root systems R S = R ∩ span{S} ⊆ R. The Levi factor of the Lie algebra p S = Lie(P S ) is given by
Using the identification of h with its dual space h * via the Killing form, we define H α ∈ h to be the Cartan element associated to the coroot d
, where d α = α, α /2. The real span of the H α 's (α ∈ R) is a real form h 0 of the Cartan subalgebra h. A compact real form u of g can now be chosen in such a way that k S := p S ∩ u = l S ∩ u is a compact real form of l S for any subset S ⊆ Σ. Explicitly, u is defined by
α and [E α , E β ] = c α,β E α+β with c α,β ∈ R whenever α + β ∈ R. Let U ⊂ G be the connected Lie subgroup with Lie algebra u. The Lie subgroup U ⊂ G is closed, compact and simply connected.
We now shortly recall the Bruhat-Poisson structure on U (see e.g. [4] and references therein for basic facts on Poisson-Lie groups). Define a real Lie subalgebra b ⊂ g by
Then (g, u, b) is a Manin triple with respect to the imaginary part of the Killing form. Thus u inherets the structure of a Lie bialgebra. The associated Poisson-Lie group structure on U is called the Bruhat-Poisson structure. Poisson-Lie subgroups of U with respect to the Bruhat-Poisson bracket on U can be classified as follows.
for the semisimple part of the reductive Lie algebra k S . 
are all the possible real Lie subalgebras p ⊆ g containing b (compare with the classification of the complex parabolic Lie subalgebras of g). The proposition follows by intersecting these Lie subalgebras p with the compact real form u.
For a given subset S ⊆ Σ we write K S ⊆ U (respectively K 0 S ⊆ U ) for the connected Lie subgroup with Lie algebra k S (respectively k 0 S ). Both K S ⊆ U and K 0 S ⊆ U are closed Poisson-Lie subgroups of U . The homogeneous spaces U/K S and U/K 0 S inheret a natural Poisson structure from U (which will also be called the Bruhat-Poisson structure). In this note we study the quantization of the Poisson U -homogeneous space U/K S in detail. In section 4 we formulate the main results for the quantization of the Poisson U -homogeneous space U/K 0 S . Observe that U/K S is isomorphic to the generalized flag manifold G/P S as a real U -homogeneous space, since K S = P S ∩ U and U acts transitively on G/P S . The symplectic foliation of U/K S ≃ G/P S coincides with the Schubert cell decomposition of G/P S . The Schubert cells of G/P S are parametrized by the coset space W/W S , where W S ⊆ W is the parabolic subgroup generated by the simple reflections {s i | i : α i ∈ S}. The minimal coset representatives
with l(w) the length of the Weyl group element w ∈ W , form a complete set of representatives for W/W S . They satisfy correspond to Cartan elements and the X + i (respectively X − i ) correspond to the root vectors of g for the simple roots α i (respectively −α i ). For the explicit commutation relations we refer to [8, (3.2) ]. We denote U q (h) for the unital, commutative subalgebra of U q (g) generated by the K ±1 i (i = 1, . . . , r). Recall that U q (g) is a Hopf- * -algebra, with the usual formulas for the counit ǫ, comultiplication ∆ and antipode S (see [8, (3. 3)]). Our present choice of * -structure on U q (g) reflects the choice of compact real form u of g; on the generators of U q (g) it is explicitly defined by
Let P be the weight lattice of the root system R. Let P + be the cone of dominant weights and {̟ 1 , . . . , ̟ r } the fundamental weights with respect to the fixed choice of (ordered) simple roots Σ = {α 1 , . . . , α r }. Denote V (λ) for the irreducible finite dimensional U q (g)-module with highest weight λ ∈ P + . The weight decomposition of V (λ) is written as
where ≤ is the dominance order on P with respect to the positive roots R + . We fix a highest weight vector 0 = v λ ∈ V (λ) λ for each λ ∈ P + once and for all. The quantized function algebra C q [U ] is the Hopf- * -subalgebra of the Hopf- * -algebra dual of U q (g), spanned by the matrix coefficients of the finite dimensional P -weighted U q (g)-representations (see e.g. [8, (3.5) ] for the definitions of the Hopf- * -algebra maps on C q [U ]). The analogue of the Peter-Weyl Theorem is the decomposition
with W (λ) the span of the matrix coefficients of V (λ). Note that C q [U ] is an U q (g)-bimodule with respect to the left and right regular actions
where a ∈ C q [U ] and X, Y ∈ U q (g). The Peter-Weyl decomposition (2.2) then coincides with the decomposition of C q [U ] in simple U q (g)-bimodules.
2.3.
Quantized flag manifolds and Plücker coordinates. In the remainder of this note we fix an arbitrary subset S ⊆ Σ of the simple roots. We identify the fixed subset S = {α i1 , . . . , α i l } of Σ with the corresponding subset {i 1 , . . . , i l } of {1, . . . , r}. We furthermore fix a dominant weight Λ ∈ P + which is supported on Σ \ S, and regular dominant with respect to Σ \ S. In other words, Λ is of the form Λ = r i=1 m i ̟ i with m i = 0 for i ∈ S and m i > 0 for i ∈ Σ \ S. Let V (Λ) be the finite dimensional irreducible G-representation with highest weight Λ and fix a highest weight vector 0 = v Λ ∈ V (Λ) Λ . Let C[G] be the algebra of regular functions on G. Let F Λ be the G-orbit of the line C v Λ in the projective space P( V (Λ)). Then F Λ is naturally isomorphic to G/P S as a complex projective variety. The algebra F Λ of regular functions on the affine cone over F Λ is the unital subalgebra of C[G] generated by the matrix coefficients
. In this note we regard F Λ as the algebra of holomorphic polynomials on (the affine cone over) F Λ .
The algebra of antiholomorpic polynomials on F Λ is defined as follows. Let 0 = ξ Λ ∈ V (Λ) * −Λ be a lowest weight vector of the G-representation V (Λ) * dual to V (Λ). Then the G-orbit of the line Cξ Λ in the projective space P( V (Λ) * ) is naturally isomorphic to G/P opp S , where P opp S is the parabolic subgroup of G associated to S ⊆ Σ which contains the opposite Borel subgroup B − . We call the unital subalgebra F Λ of C[G] generated by the regular functions
the algebra of antiholomorphic polynomials on F Λ . We have the following natural quantum analogues of the algebras F Λ and F Λ , cf. Soibel'man [7] . Denote V (λ)
* for the linear dual of
is the quantum algebra of antiholomorphic polynomials on F Λ .
Let B be a basis of V (Λ)
* which is compatible with the weight decomposition of V (Λ), in the sense that each b ∈ B is supported on only one weight space V (Λ) µ , µ = µ(b) ∈ P . Then the matrix coefficients f Λ (f ∈ B) are called holomorphic quantum Plücker coordinates on F Λ . They algebraically generate the algebra F q Λ . The corresponding images f * Λ under the * -involution are called antiholomorphic quantum Plücker coordinates on F Λ . They algebraically generate the algebra F q Λ . We next define two closely related * -algebras C q [U/K S ] and A Λ . Let U q (k S ) ⊆ U q (g) be the unital Hopf- * -subalgebra algebraically generated by K ±1 i (i = 1, . . . , r) and by X ± j (j ∈ S).
Definition 2.3. (a) The * -algebra of quantized regular functions on the Poisson
can alternatively be defined in terms of invariance properties with respect to a natural quantum subgroup [8, (4.4) ]). Observe that both A Λ and C q [U/K S ] are invariant under the right regular U q (g)-action.
We next discuss the connections between the algebras F q , F q , A Λ and C q [U/K S ]. It is instructive to consider the classical setup (q = 1) first. Let χ Λ (respectively χ * Λ ) be the character of P S (respectively P opp S ) defined by
The classical analogues of the holomorphic (respectively antiholomorphic) Plücker coordinates are in the space Γ(G × PS C χΛ ) (respectively Γ(G× P opp S C χ * Λ )) of sections of the line bundle G× PS C χΛ (respectively G× P opp S
, viewed as character of the Levi factor L S = P S ∩ P opp S , is the trivial L S -module. We thus obtain a well defined map
(multiplication map), where Γ(G/L S ) is the space of sections of the trivial line bundle over G/L S . Hence the classical analogue of the algebra A Λ is contained in the algebra of regular functions on G/L S . The corresponding statement in the quantum setup is the inclusion A Λ ⊆ C q [U/K S ], which follows from [8, Lem. 4.4] . In this note we prove the following stronger assertion.
In other words, a polynomial expression in the holomorphic and antiholomorphic quantum Plücker coordinates on F Λ is a quantum regular function on U/K S if and only if it has zero weight with respect to the left regular U q (h)-action. Furthermore, any quantum regular function on U/K S can be written in this form.
Remark 2.6. In [8] an (a priori) larger * -algebra A S ⊇ A Λ was studied, called the factorized * -algebra. By definition, A S is the span of the matrix coefficients
* ) for all dominant weights λ ∈ P + supported on Σ \ S. It was shown in [8, Lem. 4.4] 
A detailed study of Haar functionals in the algebraic framework was undertaken by Dijkhuizen 
defines a pre-Hilbert structure on C q [U ]. Let · h be the corresponding norm on Proof. Let A and B be as in the lemma, and suppose that A ⊆ B is dense but A = B. The Peter-Weyl decomposition (2.2) is the isotypical decomposition of C q [U ] under the right regular U q (g)-action, hence
with A(λ) = A ∩ W (λ) and B(λ) = B ∩ W (λ). The subspaces A(λ) and B(λ) (λ ∈ P + ) are finite dimensional. Hence, for some dominant weight µ ∈ P + , there exists a nonzero vector b ∈ B(µ) which is orthogonal to A(µ). We now use [1, Prop. 3.4], which asserts that the Peter-Weyl decomposition (2.2) is a decomposition in orthogonal subspaces. This implies that b is orthogonal to A, contradicting the assumption that A ⊆ B is dense. 
Proof. Observe that 1 h = 1 since the Haar functional h is normalized, and that
. It follows that
The following corollary is a direct consequence of Lemma 2.7 and Lemma 2.8. The completion C q (U ) of C q [U ] with respect to the C * -norm · ∞ is a unital C * -algebra. The C * -subalgebras A Λ ⊆ C q (U ) and C q (U/K S ) ⊆ C q (U ) are defined to be the closures of A Λ and
we have the inclusion A Λ ⊆ C q (U/K S ). The previous corollary implies:
By Corollary 2.10 we can resort to the theory of C * -algebras for the proof of Theorem 2.5. We first recall some general definitions and facts on C * -algebras, starting with the notion of richness, cf. [2, Def. 11.1.1]. If A ⊆ B is an inclusion of * -algebras, then we denote the restriction π| A : A → L(H) of a * -representation π : B → L(H) again by π if no confusion is possible.
We need the following analogue of the Stone-Weierstrass Theorem (see [2, Prop. 11.1.6]).
Theorem 2.12. Let B be a type I C * -algebra. The only rich C * -subalgebra of B is B itself.
We apply this theorem to the inclusion A Λ ⊆ C q (U/K S ) of C * -algebras. We start with the following elementary lemma.
Proof. By [6, Rem. 5.5], C q (U ) is of type I. Now use that a C * -subalgebra of a type I C * -algebra is again of type I, see [2] .
Lemma 2.14. The C * -algebra A Λ is rich in C q (U/K S ).
Observe that Theorem 2.5 is a direct consequence of Lemma 2.14. Indeed, Theorem 2.12, Lemma 2.13 and Lemma 2.14 imply
The proof of Lemma 2.14, which requires a detailed study of the irreducible * -representations of both the C * -algebras A Λ and C q (U/K S ), is given in the next section.
Irreducible * -representations
In this section we discuss the representation theory of the * -algebras C) ) and all v, w ∈ V . Choose an orthonormal basis {e + , e − } of V such that e + (respectively e − ) is a highest (respectively lowest) weight vector of V . Then the four matrix coefficients 
(with the convention that π q (L ++ )e 0 = 0) defines an irreducible * -representation π q of C q [SU(2)] on l 2 (Z + ) (see e.g. [6] and references therein). Up to tensoring with one-dimensional * -representations, π q is the only infinite dimensional irreducible * -representation of C q [SU (2)], cf. section 3.2. 
Representations of
One-dimensional * -representations of C q [U ] can be explicitly constructed as follows. Let T = T ×r be the standard r-dimensional compact torus, where T = {z ∈ C | |z| = 1} is the unit circle in the complex plane. Denote t µ = t for µ = r i=1 m i ̟ i ∈ P and t = (t 1 , . . . , t r ) ∈ T . Then an one-dimensional * -representation τ t : C q [U ] → C (t ∈ T ) can uniquely be defined by requiring that τ t (a) = a(1)t µ when the quantum regular function a ∈ C q [U ] has left regular
Theorem 3.1 (Soibel'man [6] ). Let w = s i1 s i2 · · · s i l be a reduced expression for the Weyl group element w ∈ W , so that l = l(w) is the length of w. Then the * -representation
is independent of the reduced expression (up to equivalence), and
is a complete set of mutually inequivalent irreducible * -representations of C q [U ].
Remark 3.
2. An important role in the proof of Theorem 3.1 is played by [6, Thm. 3 .1], which states that C q [U ] is algebraically generated by the quantum regular functions f λ and g * λ for all f, g ∈ V (λ) and all λ ∈ P + . The proof of Theorem [6, Thm. 3 .1] uses properties of the branching rules for tensor products of finite dimensional irreducible g-modules when the highest weights become large, see e.g. ⊗l(w) | w ∈ W S } is a complete set of mutually inequivalent irreducible * -representations of A Λ , where W S ⊆ W is given by (2.1). The irreducible * -representation π w (w ∈ W S ) of A Λ is the restriction to A Λ of an * -representation of C q [U ]. Hence it extends by continuity to an irreducible * -representation of A Λ , which we again denote by π w . On the other hand, any irreducible * -representation of A Λ restricts to an irreducible * -representation of A Λ . We conclude that:
In this section we first establish the analogue of Corollary 3.3 for C q (U/K S ). Since we (a priori) do not have a complete set of algebraic generators of the * -algebra
, we cannot analyze its * -representations in the same manner as for A Λ . The alternative approach is by analyzing the ireducible * -representations of the C * -algebra C q (U/K S ) directly. For this, we first observe that the inclusion A Λ ⊆ C q [U/K S ] and the results in section 3.3 imply that π w (w ∈ W S ) are mutually inequivalent irreducible * -representations of C q [U/K S ] and of C q (U/K S ). Furthermore, by [8, Prop. 5.7] we have
for t ∈ T and w = uv ∈ W with u ∈ W S and v ∈ W S . Since every irreducible * -representation of C q (U/K S ) appears as irreducible component of π| Cq(U/KS ) for some irreducible * -representation π of C q (U ) (see e.g. is the Stiefel manifold SU(n)/SU(l) (l < n) were described before by Podkolzin and Vainerman [5] . 
